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Abstract In sub-Saharan Africa, the model of care for people who are living with
HIV/AIDS has changed from hospital care to home-based care. In this paper, a math-
ematical model describing the dynamics of HIV transmission, hospitalization, and
home-based care is constructed and analysed. The model reproduction number Re

is determined and discussed. The equilibria are determined and analysed in terms
of Re. It is shown that if Re < 1, the disease free equilibrium is both locally and
globally asymptotically stable. The model has a unique endemic equilibrium and is
locally asymptotically stable whenever Re > 1. Five cases arise in the discussion
of Re pertaining to intervention strategies. Numerical simulations are done to com-
pare the impact of each strategy on the dynamics of HIV/AIDS. The model is fitted
to the prevalence data estimates from UNAIDS on Zimbabwe. The implications of
some key epidemiological parameters are investigated numerically. Projections are
made to determine the possible long term trends of the prevalence of HIV in Zim-
babwe.
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1 Introduction

The number of people living with HIV/AIDS (PLWHA) has increased over the last
decade due to the availability of anti-retrovirals (ARVs) which prolong lives of in-
fected individuals. These individuals form the majority of people seeking medical
treatment at hospitals. Because of the large numbers, HIV/AIDS patients are often
discharged from the hospitals after a short admission period or at times not admit-
ted at all. In response, hospitals, health departments, and non-governmental orga-
nizations (NGOs), have implemented policies to promote home-based care of pa-
tients (National ADS/STD Control Programme, Ministry of Hedth, Kenya, 2002).
The absence of adequate public health resources has necessitated the use of home
based care for PLWHA in some resource poor nations of the world. The model of
care has thus shifted from hospital care to Community Home-Based Care (CHBC)
(www.heard.org.za). This resulted from hospitals and other patient referral systems
not having enough staff and space to care for HIV patients.

Home-based care thus involves a systematic care of individuals infected and af-
fected by HIV/AIDS. The World Health Organization (WHO) defines CHBC, as
“the provision of health services by formal and informal care givers in the home
in order to promote, restore, and maintain a person’s maximum level of comfort,
function, and health including care towards a dignified death. Home care services
can be classified into preventive, promotive, therapeutic, rehabilitative, long-term
maintenance and palliative care categories” (Department of Health, South Africa
http://www.capegateway.gov.za/Text/2003/define_homebased.pdf). It is basically an
extension of services from health care facilities to homes of patients through the indi-
vidual’s family participation and community involvement in partnership with health
care providers and workers. CHBC is not a replacement for hospital care, but instead
is part of a comprehensive continuum of prevention, care, treatment, and support ser-
vices (www.pathfind.org). The objectives of home-based care are threefold; firstly,
facilitating health care from the hospitals to homes, secondly, raising awareness of
HIV/AIDS and thirdly, reducing overcrowding in health care facilities. This is done
in order to enhance the quality of life of PLWHA.

The effectiveness of home-based care programmes has been questioned by some
researchers in countries like South Africa (www.heard.org.za). On the contrary, some
success has been observed in countries like Zimbabwe. One would then ask, what is
the efficacy of CHBC in preventing new infections, especially in countries where
some success has been observed? A comprehensive evaluation of the efficacy of
CHBC for PLWHA in high HIV prevalence areas, therefore, needs to be done. It
is at this juncture, that we are interested in quantifying the level of efficacy that
will result in the reduction of HIV incidence. Recruitment into CHBC often involves
counselling (of the infected and affected) and training of caregivers with the aim of
raising awareness about HIV. Involvement of individuals in CHBC is thus viewed
as a preventive method, with individuals often withdrawing from risky sexual activ-
ities. Some individuals withdraw due to sickness and some due to voluntary com-
mitment to safer sexual practices, such as the consistent use of condoms and re-
duction of concurrent partnerships. We are therefore interested in the proportion of
individuals who withdraw from risky sexual activities due to sickness and involve-
ment in CHBC; see, for instance, Musgrave and Watmough (2009). In Zimbabwe,

http://www.heard.org.za
http://www.capegateway.gov.za/Text/2003/define_homebased.pdf
http://www.capegateway.gov.za/Text/2003/define_homebased.pdf
http://www.pathfind.org
http://www.heard.org.za
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reduction of risky sexual activities is thought to have been due to the economic crisis
(http://www.africanews.com) and to a larger extent behaviour change (Hallett et al.
2006). In addition, we included behaviour change modelled by an exponential func-
tion; see, for instance, Bacaër et al. (2007) that encompasses individuals’ response to
AIDS mortality.

Mathematical models have been used to understand the dynamics of infectious
diseases and the implications of interventions for many decades; see, for instance
Anderson and May (1991), Hallet et al. (2009), Lungu et al. (2006), Nyabadza (2006)
and the references cited therein. In particular, we revisit the work by Nyabadza in
Nyabadza (2006), by modifying and incorporating hospitalization and CHBC in the
model with the aim of modelling the dynamics of HIV/AIDS holistically from the
current situation in a developing country like Zimbabwe. We use a simple model that
incorporates many of the facets of HIV/AIDS in Zimbabwe. In particular, the model
is fitted to the prevalence data on Zimbabwe from UNAIDS (www.unaids.org). The
fit allows for projections to be made beyond 2010 for various intervention scenarios.
These scenarios allow public health officials to picture the epidemic in the future
thus allowing them to plan and act accordingly. The model formulation is based on
the first two authors’ personal experiences of CHBC in Zimbabwe. While CHBC
is crucial in aiding overwhelmed health care systems, they can be potential sources
of infectives if they are not well managed. The inclusion of individuals in CHBC
as potential sources of new infections stems from the fact that programs such as
CHBC are prone to political interference and problems of sustainability as observed
in Zimbabwe. So, the chances of having individuals in CHBC being infectives are
high.

The infection process involves the movement of newly infected individuals into
the asymptomatic phase, usually comprising of a short acute phase and a long period
of latency. It is during this phase that individuals can either get screened through the
Voluntary Counselling and Testing (VCT) services or they may develop symptoms
after an average period of 8 years (Hallet et al. 2009). Screening is not necessar-
ily an avenue for access to treatment in this case, but a risk reduction campaign in
which individuals are assumed to change their risky sexual behaviour the moment
they become aware of their status. Screening has been found to induce behaviour
change resulting in low disease transmission for those infected with HIV (Weinhardt
et al. 1999). Screened individuals may eventually develop AIDS or join CHBC. In-
dividuals screened and tested for HIV are released into CHBC for support services
such as supplementary feed/easy recipes to prepare nutritional, cultural meals, infant
feeds, counselling, and volunteering opportunities. Individuals in CHBC are assumed
to be infectious and capable of spreading HIV. We, however, include the efficacy of
the CHBC in reducing the spread of HIV. Those that develop AIDS are hospitalized
before they are released into CHBC.

The structure of our paper is as follows: in the next section, we formulate the
model and analyse it. In Sect. 3, we present the numerical simulations where we fit
the model to the HIV prevalence data for Zimbabwe. We conclude the paper by a
discussion in Sect. 4.

http://www.africanews.com
http://www.unaids.org
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2 The Model

In this section, we formulate a model for the spread of HIV/AIDS in poor resource
settings, based on the model presented in Nyabadza (2006). We propose a mathe-
matical model that takes into account hospitalization of symptomatic AIDS patients
and their release into CHBC. The model keeps track of the number of individuals in a
sexually active population that mixes homogeneously. Thus, the population is divided
into six epidemiological classes of individuals who are: susceptible S, unscreened
asymptomatic HIV infected I , screened infectives Is , symptomatic with AIDS A,
hospitalized H, and under home-based care Hb . We do not distinguish between new
infectives that and symptomatic during the first 2 to 6 weeks after infection and those
who become asymptomatic thereafter because early detection and identification of
HIV infection is non-existent in the settings the model is being applied to. The total
population at any time t is thus given by

N = S + I + Is + A + H + Hb.

Susceptible sexually active individuals are recruited at a constant rate Λ, with all
recruits being assumed susceptible. The effective contact rate is taken to be β and
is a product of the number of contacts made per unit time and the probability that
such contacts will result in infection. There are adjustment factors to β , which
are ηi , i = 1,2,3 intended to reflect the influence of pre and post-counselling on
the biological and behavioural processes that influence the risk of HIV transmis-
sion. We assume that η2 > 1 due to increased viremia for individuals in the AIDS
class. We also assume that 0 < η1, η3 < 1 due to reduced infectivity as a result
of screening and CHBC, respectively. According to Ho et al. (1989), Coombs et
al. (1989), there is a positive correlation between infectiousness and antigen levels.
Coates et al. (1989) and Higgins et al. (1991) pointed out that there is also evidence
of dramatic reductions in risky sexual activity for individuals who test HIV posi-
tive. The force of infection λ, thus incorporates behaviour change, individual with-
drawal from risky sexual activities, and the efficacy of CHBC, so that λ, is defined
by

λ = βe−m(δ1A+δ2H+δ3Hb)

(
I + η1Is + (1 − p)(η2A + η3(1 − φ)Hb)

N

)
,

where η1, η2 and η3 measure the relative infectivity of Is, A, and Hb, when com-
pared to I and p is a fraction of individuals with AIDS and in the CHBC, who with-
draw from any sexual activity. The response parameter m, measures how individuals
respond to the increase or decrease of mortality due to HIV/AIDS. Individuals who
are symptomatic, hospitalized, and in the CHBC have additional death rates due the
disease, given respectively by δ1, δ2, and δ3. Asymptomatic HIV infected individ-
uals are assumed to be infectious and can either develop AIDS or respond to VCT
campaigns. They can either develop AIDS at a constant rate γ1 or are screened at
a rate σ . However, individuals progressing from asymptomatic and screened com-
partments to the symptomatic AIDS compartment are assumed to have a CD4 T cell
count between 200–250 cells per microlitre. Treatment of individuals with AIDS as
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based on an individual’s CD4 + T cell count. Presently in Southern Africa, HAART
is only given to AIDS individuals who have experienced AIDS-defining symptoms
or those who have CD4 + T cell count below 200 cells per microlitre which is the
recommended AIDS defining stage by World Health Organization (WHO) (Hove-
Musekwa and Nyabadza 2009). It is important to note such a policy has changed
as those who can afford private health care can start treatment at much higher lev-
els of CD4 T cell count. For those that depend on the public health care system,
individuals can start treatment once their CD4 + T cell count reaches 350 cells per
microlitre (www.who.int). Enrollment into an anti-retroviral therapy (ART) program
is usually accompanied by placement into CHBC where individuals continue to re-
ceive treatment and care. Screened individuals can either become symptomatic and
develop AIDS at a constant rate γ2 or they can join treatment and care programs
administered by the CHBC at a constant rate ρ1. Symptomatic individuals are hos-
pitalized at a constant rate θ and are sent into CHBC at a constant rate ρ2. Ideally,
individuals in CHBC should be allowed to return to the class of those hospitalized.
We, however, assume that once individuals are hospitalized due to AIDS and are
moved into CHBC, their health services are met in communities. This is particularly
true for Zimbabwe whose health care system struggled with hospitalization of AIDS
patients. Individuals in CHBC comprise of those released from hospital and those
who would have been screened but access CHBC for treatment and counselling on
the recommendations of a medical practitioner. Thus, we assume that all individu-
als in CHBC are screened and even if their CD4 + T cell count improves as a result
of treatment, they remain in CHBC for services. We also assume that CHBC has
an efficacy φ, so that 1 − φ measure the failure of CHBC in preventing new infec-
tions. Note that 0 ≤ φ ≤ 1, so that if φ = 0 CHBC programs have no impact and if
φ = 1 then CHBC can fully prevent new infections. The mean lifetime of an indi-
vidual is assumed to be 1/μ, so that the natural death rate is taken to be μ for all
classes.

The spread of HIV infection is represented by the model diagram shown in Fig. 1.
The dynamical system described by Fig. 1 is given by the following set of differ-

ential equations:

Ṡ = Λ − λS − μS,

İ = λS − (μ + σ + γ1)I,

İs = σI − (μ + γ2 + ρ1)Is,

Ȧ = γ1I + γ2Is − (μ + θ + δ1)A,

Ḣ = θA − (μ + ρ2 + δ2)H,

Ḣb = ρ1Is + ρ2H − (μ + δ3)Hb.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(1)

We deliberately avoid including the function that measures behaviour change in the
force of infection during the mathematical analysis for mathematical convenience due
to reduced non-linearities. We, however, consider behaviour change in the numerical
simulations. We thus begin our analysis by considering the case m = 0 and leave the
case m �= 0 for the numerical simulations.

http://www.who.int
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Fig. 1 Model diagram showing movements of individuals between compartments

2.1 Basic Properties

2.1.1 Invariant Region

System (1) will be analysed in a suitable feasible region Ω of biological interest.
We begin by showing that the system is dissipative, that is, all feasible solutions are
uniformly-bounded in a proper subset Ω ∈ R

6+. We consider the feasible region Ω

with

Ω =
{(

S(t), I (t), Is(t),A(t),H(t),Hb(t)
) ∈ R

6+ : N ≤ Λ

μ

}
.

Adding all the equations of model (1) gives

Ṅ = Λ − μN − (δ1A + δ2H + δ3Hb)

< Λ − μN.

Applying Rota and Birkhoff’s theorem on differential inequalities, we have

0 ≤ N ≤ Λ

μ
+ N(0)e−μt ,

where N(0) represents the initial values of the respective variables. Then 0 ≤ N ≤ Λ
μ

as t → ∞. Therefore, Λ
μ

is an upper bound of N provided that N(0) ≤ Λ
μ

. If

N(0) > Λ
μ

, then N(t) will decrease to this level. Thus, all feasible solutions of the
system enter the region

Ω =
{(

S(t), I (t), Is(t),A(t),H(t),Hb(t)
) ∈ R

6+ : N ≤ Λ

μ

}
.
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Hence, the region of biological interest Ω is positively invariant under the flow in-
duced by system (1). Therefore, the dynamics of the model (1) can be considered
in Ω and it can be shown, using the theory of permanence in Hutson and Schmitt
(1992), that all solutions on the boundary of Ω eventually enter the interior of Ω .
Furthermore, in Ω, the usual existence, uniqueness and continuity results hold for
system (1), making the system well-posed. We summarize the result in the following
lemma.

Lemma 1 The region Ω ∈ R
6+ is positively invariant for the system (1) with initial

conditions in R
6+.

2.1.2 Positivity of Solutions

For system (1), it is important to prove that all the state variables remain non-negative
so that the solutions of the system (1) with positive initial conditions will remain
positive for all t > 0. We thus state the following lemma.

Lemma 2 Given that the initial conditions of system (1) are S(0) > 0, I (0) > 0,
Is(0) > 0, A(0) > 0, H(0) > 0, and Hb(0) > 0, the solutions S(t), I (t), Is(t), A(t),
H(t), and Hb(t) are non-negative for all t > 0.

Proof Assume that

t̄ = sup{t > 0 : S > 0, I > 0, Is > 0,A > 0,H > 0,Hb > 0} ∈ [0, t].
Thus, t̄ > 0 and it follows from the first equation of the system (1) that

dS

dt
= Λ − (μ + λ)S.

We thus have

d

dt

[
S(t) exp

{
μt +

∫ t

0
λ(s) ds

}]
≥ Λ exp

[
μt +

∫ t

0
λ(s) ds

]
.

Hence,

S(t̄) exp

[
μt̄ +

∫ t̄

0
λ(s) ds

]
S(t̄) exp

[
μt̄ +

∫ t̄

0
λ(s) ds

]
− S(0)

≥
∫ t̄

0
Λ exp

[
μt̂ +

∫ t̂

0
λ(w)dw

]
dt̂,

so that

S(t̄) ≥ S(0) exp

[
−

(
μt̄ +

∫ t̄

0
λ(s) ds

)]

+ exp

[
−

(
μt̄ +

∫ t̄

0
λ(s) ds

)][∫ t̄

0
Λ exp

(
μt̂ +

∫ t̂

0
λ(w)dw

)
dt̂

]
> 0.
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From the second equation of (1), we have

dI

dt
≥ −(μ + σ + γ1)I.

We thus have

I (t) ≥ I (0) exp−(μ + σ + γ1)t > 0, for all t > 0.

Similarly, it can be shown that Is(t) > 0, A(t) > 0, H(t) > 0, and Hb(t) > 0 for all
t > 0. This completes the proof. �

2.2 Disease Free Equilibrium and the Effective Reproduction Number

The system (1) has a disease-free equilibrium given by

E0 =
(

Λ

μ
,0,0,0,0,0

)
.

The effective reproduction number, Re, is determined by the method of next gen-
eration matrix in van den Driessche and Watmough (2002). A reproduction number
obtained this way determines the local stability of the disease free equilibrium point
for Re < 1 and instability for Re > 1. Using the approach in van den Driessche and
Watmough (2002) and adopting the matrix definitions, the matrices for new infection
terms and the transfer terms at the disease free equilibrium, are respectively given by

F =

⎛
⎜⎜⎜⎝

β βη1 (1 − p)βη2 0 (1 − p)βη3(1 − φ)

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎞
⎟⎟⎟⎠ and

V =

⎛
⎜⎜⎜⎝

(μ + σ + γ1) 0 0 0 0
−σ (μ + γ2 + ρ1) 0 0 0
−γ1 −γ2 (θ + μ + δ1) 0 0

0 0 −θ (ρ2 + μ + δ2) 0
0 −ρ1 0 −ρ2 (μ + δ3)

⎞
⎟⎟⎟⎠ .

The effective reproduction number is given by the spectral radius (the dominant
eigenvalue) of the matrix FV −1, denoted by ρ(FV −1). Thus,

ρ
(
FV −1) = Re = RI + ζ1RIs + (1 − p)ζ2RA + (1 − p)(1 − φ)ζ3RHb

, (2)

where

RI = β

γ1 + σ + μ
, RIs = η1β

γ2 + ρ1 + μ
, RA = η2β

θ + δ1 + μ
and

RHb
= η3β

δ3 + μ
, ζ1 = σ

μ + σ + γ1
,

(3)
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ζ2 =
[(

γ1

μ + γ1 + σ

)
+

(
σ

μ + σ + γ1 + μ

)(
γ2

μ + γ2 + ρ1

)]
,

ζ3 = ζ1

(
ρ1

μ + ρ1 + γ2

)
+ ζ2

(
θ

μ + θ + δ1

)(
ρ2

μ + ρ2 + δ2

)
.

Re is a sum of four terms representing the contribution of the infectives, the screened
individuals, the AIDS individuals, and people living with HIV/AIDS under commu-
nity home-based care, respectively.

Following van den Driessche and Watmough (2002, Theorem 2), we have the
following result.

Theorem 1 The disease free equilibrium of system (1) is locally asymptotically sta-
ble whenever Re < 1 and unstable otherwise.

2.3 Global Stability of the Disease-Free Equilibrium E0

Theorem 2 If Re < 1, the disease-free equilibrium is globally asymptotically stable
and unstable if Re > 1.

Proof Let us consider the following Lyapunov function:

L = a′I + b′Is + cA + dH + eHb, (4)

where a′, b′, c, d , e are constants to be determined. Differentiating the Lyapunov
function with respect to time and using system (1), we get

L̇ = a′İ + b′İs + cȦ + dḢ + eḢb

= a′
[
β

S

N

(
I + η1Is + (1 − p)

(
η2A + η3(1 − φ)Hb

) − (μ + σ + γ1)I
)]

+ b′[σI − (μ + γ2 + ρ1)Is

] + c
[
γ1I + γ2Is − (μ + θ + δ1)A

]
+ d

[
θA − (μ + ρ2 + δ2)H

] + e
[
ρ1Is + ρ2H − (μ + δ3)Hb

]
,

=
[
a′β S

N
− a′(μ + σ + γ1) + bσ + cγ1

]
I

+
[
a′βη1

S

N
b′(μ + γ2 + ρ1) + cγ2 + eρ1

]
Is

+
[
a′β S

N
η2(1 − p) − c(μ + θ + δ1) + dθ

]
A + [

eρ2 − d(μ + ρ2 + δ2)
]
H

+
[
a′βη3(1 − p)(1 − θ)

S

N
− e(μ + δ)

]
Hb

≤ [
a′β − a′(μ + σ + γ1) + b′σ + cγ1

]
I + [

a′βη1b
′(μ + γ2 + ρ1) + cγ2 + eρ1

]
Is

+ [
a′βη2(1 − p) − c(μ + θ + δ1) + dθ

]
A + [

eρ2 − d(μ + ρ2 + δ2)
]
H

+ [
a′βη3(1 − p)(1 − θ) − e(μ + δ)

]
Hb. (5)
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Using the method presented in Bowong and Tewa (2009), we solve for the constants
a′, b′, c, d, e in such a way that the coefficients of Is, A, Hb, and H are set to
zero. This gives us

a′βη1 − b′(μ + γ2 + ρ1) + cγ2 + eρ1 = 0,

a′βη2(1 − p) − c(μ + θ + δ1) + dγ2 = 0,

a′βη3(1 − p)(1 − φ) − e(μ + δ3) = 0,

eρ2 − d(μ + ρ2 + δ2) = 0.

Solving for the constants, we have

a′ = (μ + γ2 + ρ1)(μ + θ + δ1)(μ + ρ2 + δ2)(μ + δ3),

b′ = a′β
[

η1

μ + γ2 + ρ1
+ (1 − p)

(
γ2η2

(μ + γ2 + ρ1)(μ + θ + δ1)

+ ρ1η3

(μ + γ2 + ρ1)(μ + δ3)

+ ρ2γ2η3θ(1 − φ)

(μ + γ2 + ρ1)(μ + θ + δ1)(μ + ρ2 + δ2)(μ + δ3)

)]
,

c = a′β(1 − p)

[
η2

μ + θ + δ1
+ η3ρ2θ(1 − φ)

(μ + ρ2 + δ2)(μ + θ + δ1)(μ + δ3)

]
,

d = a′β(1 − p)
ρ2η3(1 − φ)

(μ + ρ2 + δ2)(μ + δ3)
,

e = a′β(1 − p)
η3(1 − φ)

(μ + δ3)
.

Substituting for b′, c, d , and e in (5), we have

L̇ ≤ a′
{
β

[
1 + η1σ

μ + γ2 + ρ1
+ (1 − p)

{
η2

μ + θ + δ1

(
γ1 + σγ2

μ + γ2 + ρ1

)

+ η3(1 − φ)

μ + δ3

(
ρ1σ

μ + γ2 + ρ1
+ ρ2γ1θ

(μ + ρ2 + δ2)(μ + θ + δ1)

+ ρ2γ2θσ

(μ + γ2 + ρ1)(μ + θ + δ1)(μ + ρ2 + δ2)

)}]
− (μ + σ + γ1)

}
I

≤ a′{Re(μ + γ1 + σ) − (μ + γ1 + σ)
}
I

≤ a′(μ + γ1 + σ)(Re − 1)I

≤ 0, if Re ≤ 1.

Furthermore, L̇ = 0 if and only if I = Is = A = H = Hb = 0. Therefore, the largest
compact invariant set in (S, I, Is,A,H,Hb) ∈ Ω : L̇ = 0, when Re ≤ 1 is the single-
ton E0. La Salle’s invariance principle (La Salle 1976) then implies that E0 is globally
stable in Ω if Re ≤ 1. �
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2.4 Existence and Uniqueness of the Endemic Equilibrium

To compute equilibria, we set the left-hand side of system (1) to zero. From the third
equation of (1),

I ∗
s = σ

ρ1 + γ2 + μ
I ∗.

Expressing all the other variables in terms of I ∗ gives, after some messy arithmetic,

λ∗ = (μ + γ1 + σ)

N∗ ReI
∗.

Substituting for λ∗ in the second equation of (1), we have

γ1 + σ + μ

N∗ ReI
∗S − (γ1 + σ + μ)I ∗ = 0.

This gives

I ∗ = 0, or S∗ = N∗

Re

.

I ∗ = 0 corresponds to the disease-free equilibrium. Adding first and second equa-
tion of (1) and substituting for S∗ we have

I ∗ = μN∗

Re(μ + γ1 + σ)
(Re − 1).

A back substitution will allow us to find I ∗
s ,A∗,H ∗,H ∗

b , and S∗, so that a unique
endemic equilibrium point exists and is given by E1 = (S∗, I ∗, I ∗

s ,A∗,H ∗,H ∗
b ) ∈ Ω ,

where

S∗ = N∗

Re

,

I ∗ = μN∗

Re(μ + γ1 + σ)
(Re − 1),

I ∗
s = σ

ρ1 + γ2 + μ
I ∗,

A∗ = (γ1(ρ1 + γ2 + μ) + γ2σ)

(ρ1 + γ2 + μ)(θ + μ + δ1)
I ∗,

H ∗ = θ(γ1(ρ1 + γ2 + μ) + γ2σ)

(ρ1 + γ2 + μ)(θ + μ + δ1)(ρ2 + μ + δ2)
I ∗,

H ∗
b =

[
ρ1σ

(ρ1 + γ2 + μ)(δ3 + μ)

+ ρ2θ(γ1(ρ1 + γ2 + μ) + γ2σ)

(ρ1 + γ2 + μ)(μ + δ3)(θ + μ + δ1)(ρ2 + μ + δ2)

]
I ∗.
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If Re > 1, then only one positive solution of I ∗ exists and no positive solution exists
for Re < 1. Global stability of E0 in Ω, excludes the existence of any other equilib-
rium other than E0 whenever Re < 1. The endemic equilibrium is thus restricted to
Re > 1. We thus have the following theorem on the existence of the endemic equilib-
rium.

Theorem 3 If Re > 1, the system (1) has a unique endemic equilibrium given by E1

in Ω .

2.5 Local Stability of the Endemic Equilibrium

Employing the centre manifold theory (Carr 1981) as described in the works of
Castillo-Chavez and Song (2004) (Theorem 4.1), we establish the local asymptotic
stability of the endemic equilibrium. In order to apply the centre manifold the-
ory, we make the following change of variables S = x1, I = x2, Is = x3, A = x4,
H = x5, and Hb = x6 so that N = ∑6

n=1 xn. We now use the vector notation
X = (x1, x2, x3, x4, x5, x6)

T , where (·)T denotes a matrix transpose. System (1) can
then be written as Ẋ = F = (f1, f2, f3, f4, f5, f6)

T , so that

ẋ1(t) = f1 = Λ − λ̂x1 − μx1,

ẋ2(t) = f2 = λ̂x1 − (γ1 + σ + μ)x2,

ẋ3(t) = f3 = σx2 − (γ2 + ρ1 + μ)x3,

ẋ4(t) = f4 = γ1x2 + γ2x3 − (θ + δ1 + μ)x4,

ẋ5(t) = f5 = θx4 − (ρ2 + δ2 + μ)x5,

ẋ6(t) = f6 = ρ1x3 + ρ2x5 − (δ3 + μ)x6,

(6)

where λ̂ = β(
x2+η1x3+(1−p)(η2x4+η3(1−φ)x6)

N
).

The Jacobian matrix J (E0), of system (6) at the disease free equilibrium is given
by

⎛
⎜⎜⎜⎜⎜⎝

−μ −β −βη1 −(1 − p)βη2 0 −(1 − p)(1 − φ)βη3
0 β − χ1 βη1 (1 − p)βη2 0 (1 − p)(1 − φ)βη3
0 σ −χ2 0 0 0
0 γ1 γ2 −χ3 0 0
0 0 0 θ −χ4 0
0 0 ρ1 0 ρ2 −χ5

⎞
⎟⎟⎟⎟⎟⎠

,

where

χ1 = γ1 + σ + μ, χ2 = γ2 + ρ1 + μ,

χ3 = θ2 + δ1 + μ, χ4 = ρ2 + δ2 + μ,

χ5 = δ3 + μ.
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If β is taken as the bifurcation parameter and we consider the case Re = 1, solving
for β gives

β = β∗ = 1

R′
I + ζ1R

′
Is

+ (1 − p)ζ2R
′
A + (1 − p)(1 − φ)ζ3R

′
Hb

> 0,

where

RI ′ = 1

γ1 + σ + μ
, R′

Is
= η1

γ2 + ρ1 + μ
, R′

A = η2

θ + δ1 + μ
,

R′
Hb

= η3

δ3 + μ
,

and ζi , i = 1,2,3 are as in (3). The linearized system of the transformed equations
(6) with β = β∗ has a simple zero eigenvalue. Hence, the Centre Manifold theory
(Carr 1981) can be used to analyse the dynamics of system (1) near β = β∗. It can
be shown that the Jacobian matrix of (6) at β = β∗ has a right eigenvector associated
with the zero eigenvalue given by u = [u1, u2, u3, u4, u5, u6]T , where

u1 = −γ1 + σ + μ

μ
u2, u2 = u2 > 0, u3 = σ

γ2 + ρ1 + μ
u2,

u4 = 1

θ + δ1 + μ

(
γ1 + γ2σ

γ2 + ρ1 + μ

)
u2,

(7)

u5 = θ

(ρ2 + δ2 + μ)(θ + δ1 + μ)

(
γ1 + γ2σ

γ2 + ρ1 + μ

)
u2,

u6 = 1

δ3 + μ

[
ρ1σ

γ2 + ρ1 + μ
+ ρ2θ

(ρ2 + δ2 + μ)(θ + δ1 + μ)

(
γ1 + γ2σ

γ2 + ρ1 + μ

)]
u2.

The left eigenvector of J (E0) associated with the zero eigenvalue is given by
v = [v1, v2, v3, v4, v5, v6, ] where

v1 = 0, v2 = v2 > 0,

v3 = β∗

γ2 + ρ1 + μ

[
η1 + (1 − p)(1 − φ)ρ1η3

(δ3 + μ)

+ γ2

θ + δ1 + μ

(
(1 − p)(1 − φ)θρ2η3

(δ3 + μ)(ρ2 + δ2 + μ)
+ η2

)]
v2 > 0,

v4 = β∗(1 − p)

[
η2 + θρ2(1 − φ)η3

(θ + δ1 + μ)(ρ2 + δ2 + μ)(δ3 + μ)

]
v2 > 0,

v5 = β∗(1 − p)(1 − φ)η3

[
ρ2

(ρ2 + δ2 + μ)(δ3 + μ)

]
v2 > 0,

v6 = β∗(1 − p)(1 − φ)

δ3 + μ
v2 > 0.

(8)
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We deliberately avoid duplicating Theorem 4.1 in Castillo-Chavez and Song (2004),
but we, however, adopt the use of a and b as defined by

a =
n∑

k,i,j=1

vkuiuj

∂2fk

∂xi∂xj

(0,0), b =
n∑

k,i=1

vkui

∂2fk

∂xi∂β∗ (0,0). (9)

The computations of a and b are done as follows.
For the system (1) the associated non-zero partial derivatives of F at the disease

free equilibrium are given by

∂f 2
2

∂x2∂x2
= −2

βμ

Λ
,

∂f 2
2

∂x2∂x3
= −βμ

Λ
[1 + η1],

∂f 2
2

∂x2∂x4
= −βμ

Λ

[
1 + (1 − p)η2

]
,

∂f 2
2

∂x2∂x5
= −βμ

Λ
,

∂f 2
2

∂x2∂x6
= −βμ

Λ

[
1 + (1 − p)(1 − φ)η3

]
,

∂f 2
2

∂x3∂x3
= −2βμ

π
η1,

∂f 2
2

∂x3∂x4
= −βμ

Λ

[
η1 + (1 − p)η2

]
,

∂f 2
2

∂x3∂x5
= −βμ

Λ
η1,

∂f 2
2

∂x3∂x6
= −βμ

Λ

(
η1 + (1 − p)(1 − φ)η3

)
,

∂f 2
2

∂x4∂x4
= −2

βμ

Λ
(1 − p)η2,

∂f 2
2

∂x4∂x5
= −βμ

Λ
(1 − p)η2,

∂f 2
2

∂x4∂x6
= −βμ

Λ
(1 − p)

[
η2 + (1 − φ)η3

]
,

∂f 2
2

∂x5∂x6
= −βμ

Λ
(1 − p)(1 − φ)η3,

∂f 2
2

∂x6∂x6
= −2

βμ

Λ
(1 − p)(1 − φ)η3.

(10)

Substituting the partial derivatives from (10) in (9), we have

a = −2v2
βμ

Λ

[
a1u2u3 + a2u2u4 + u2u5 + a3u2u6

+ a4u3u4 + a5u3(u3 + u5) + a6u3u6 + a7u4(u4 + u4) + a8u4u6 + a9u
2
6

]
,

where

a1 = 1 + η1, a2 = 1 + (1 − p)η2,

a3 = 1 + (1 − p)(1 − φ)η3, a4 = [
η1 + (1 − p)η2

]
,

a5 = η1, a6 = η1 + (1 − p)(1 − φ)η2,

a7 = (1 − p)η2, a8 = (1 − p)
(
η2 + (1 − φ)η3

)
, a9 = (1 − p)(1 − φ)η3.

(11)

Clearly a < 0.
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To determine the sign of b, we find the associated non-vanishing partial derivatives
of F ,

∂2f2

∂x2∂β∗ = 1,
∂2f2

∂x3∂β∗ = η1,
∂2f2

∂x4∂β∗ = (1 − p)η2,

(12)
∂2f2

∂x6∂β∗ = (1 − p)(1 − φ)η3.

It follows from (13) that

b = v2
[
u2 + η1u3 + (1 − p)η2u4 + (1 − p)(1 − φ)η3u6

]
> 0.

Since a < 0 and b > 0, we then establish the following result.

Theorem 4 Since a < 0 and b > 0, the system (1) has a unique endemic equilibrium
E1 guaranteed by Theorem 2.3 and is locally asymptotically stable for Re > 1 but
close to 1.

3 Numerical Simulations

3.1 Empirical Data and Estimation of Parameters

To determine the effects of various parameters on the dynamics of the disease, sys-
tem (1) is integrated by a Runge–Kutta method of order 4. While the first cases
of HIV were recorded in 1985 in Zimbabwe (Zungu-Dirwayi et al. 2004), for the
purpose of the simulations in this paper, the initial time for our simulations will
be the year 1990. This is necessitated by the availability of HIV data whose es-
timates are from 1990. To establish the initial conditions, we require the popula-
tion estimates for 1990. Zimbabwe’s population was estimated to be 10.156 mil-
lion in 1990, with a life expectancy of 59 years by the United States Bureau of
the Census (http://www.census.gov/ipc/www/idb/country.php). Data from Zimbabwe
(http://www.afro.who.int/malaria/country-profile/zimbabwe.pdf), estimated a popu-
lation of 10.241 million in 1990. In 2007, the population had grown to an esti-
mated 13.349 million and 51.8% of the population was aged 15–49 (an estimate
of 6.915 million) (www.unaids.org). With the estimated adult HIV prevalence be-
ing of the age group 15–49, we can also crudely estimate the initial population
of adults aged between 15 and 49 in 1990 to be 5.26 million, corresponding to
about 52% of the adult population. We use this figure to set the initial conditions.
One condition should be that the prevalence of infection in 1990 must approxi-
mate the data in UNAIDS/WHO Epidemiological fact sheets on HIV and AIDS
(www.unaids.org). Life expectancy has since dropped, with a reported value of 43
years in 2006 (www.unaids.org). With an estimated average life expectancy of 50
years over the past decade, and 17 years being the average age of first sexual inter-
course globally (http://www.newstrategist.com), we consider μ = 0.029, correspond-
ing to an average of 33 years of sexual activity (see also Vardavas and Blower 2007 for
Botswana). In the absence of treatment, the average time from infection to death due

http://www.census.gov/ipc/www/idb/country.php
http://www.afro.who.int/malaria/country-profile/zimbabwe.pdf
http://www.unaids.org
http://www.unaids.org
http://www.unaids.org
http://www.newstrategist.com
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to the disease is around 10.5 years (Hallet et al. 2009) and may increase to between
18 and 20 years due to treatment (Hallet et al. 2009; Vardavas and Blower 2007).
An average value of 12 years is chosen for the progression of individuals who have
been screened for HIV, to the symptomatic AIDS stage giving γ2 = 1/12. Progres-
sion rates are generally difficult to measure as they vary between individuals. These
progression rates can be adjusted to take into account socio-economic factors, nutri-
tion, and human behaviour during infection. We shall thus give ranges between which
these progression rates vary. Screening without treatment will not protect individuals
from progressing to AIDS, but we shall assume that there is a level of protection (ulti-
mately having an effect on an individual’s infectivity), resulting from an individual’s
knowledge about HIV/AIDS brought through counselling offered during testing and
screening for HIV. Again this is under the assumption that the counselling is effec-
tive. The same can be said about CHBC. Therefore, some of the infection and pro-
gression rates between compartments are estimated from published data. The recruit-
ment rate of susceptibles is chosen and calculated such that it is related to the growth
rate of the country’s population. This is done on the assumption that the population
growth can be translated to approximate the growth of the adult population. There
are varying approximations to the population growth rates from different sources,
0.6% between 2005 and 2009 (www.unaids.org), 2.28% in 1990, 2% between 2002
and 2005 (http://www.afro.who.int/malaria/country-profile/zimbabwe.pdf), −0.8%
in 2007 (http://www.census.gov/ipc/www/idb/country.php). In this paper, we con-
sider an average growth rate of 1% so that Λ = 52600. The uptake rates into treat-
ment are found by assuming a constant treatment rate from 2% in 2004 to 18% in
2007, representing a mean rate of 0.053 per year (www.unaids.org). For Botswana, a
value of 0.05 per year was chosen in similar way (Vardavas and Blower 2007). This
shows that the rate at which infected individuals are entering into treatment programs
in Zimbabwe is less than that of Botswana. Because treatment is offered to individu-
als in the AIDS classes on national ART programs, we take ρ2 = 0.053 and estimate
a lower value for ρ1. HIV-related bed occupancy vary from 5%–80% in many African
countries (2000). Based on the progression and transmission rates given in Hallet et
al. (2009) for the HIV epidemic in Zimbabwe, we have the following tabulated data
for the model parameters. We shall set the initial conditions to

(
S(0), I (0), Is(0),A(0),H(0),Hb(0)

)
= (4519960,550000,50000,100000,3640,36400),

corresponding to an initial prevalence of 14%.

3.2 Results

We begin by fitting our model to the current prevalence data on Zimbabwe
from the UNAIDS/WHO reports and epidemiological fact sheets (www.unaids.org,
www.unaids.org). We use the least squares curve fitting in Matlab, by specifying the
lower and upper bounds of specific parameters to be estimated. The parameter values
that produce the best fit are given in the caption of Fig. 3. We begin by a plot showing
the current prevalence scenario in Zimbabwe, Fig. 2, for convenience.

http://www.unaids.org
http://www.afro.who.int/malaria/country-profile/zimbabwe.pdf
http://www.census.gov/ipc/www/idb/country.php
http://www.unaids.org
http://www.unaids.org
http://www.unaids.org
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Fig. 2 (Color online)
Prevalence data for Zimbabwe.
Source: www.unaids.org

Figure 3(a), shows the prevalence curve of the model compared with the actual
data estimates. The prevalence curve is obtained from the following function repre-
senting the proportion of infected individuals in the population:

Prevalence = I + Is + A + H + Hb

N
.

The projected prevalence curve of the epidemic up to the year 2020 is shown in
Fig. 4(a). The projection shows that the epidemic will continue to decline for the next
decade and may start to increase again. Such observations have also been made in the
case of Uganda. This has been attributed to complacency. Complacency is defined as
the loss of focus in a scenario in which the gains of intervention strategies are lost
due to reversion to high risk sexual behaviour. Due to the registered gains, individuals
‘relax’ in the fight against HIV especially in cases where there are a decreased number
of AIDS deaths, the case of Uganda (Mugisha et al. 2006). Based on the model fit,
the same data is used to estimate the annual number of new infections generated. The
expression

Incidence = βe−m(δ1A+δ2H+δ3Hb)

(
I + η1Is + (1 − p)(η2A + η3(1 − φ)Hb)

N

)
S,

is used to generate Figs. 3(b) and 4(b) using the model parameters in the caption of
Fig. 3. We ambitiously give the projections to the year 2020, as shown in Fig. 4, for
both the prevalence and the incidence. The severity of HIV/AIDS has largely been
felt through deaths in Zimbabwe. The assumption that behaviour change is associated
with AIDS mortality is born out of the fact that as individuals observe deaths of col-
leagues, family members and children there is a tendency to reduce risks of infection.
We draw a comparison of the mortality curves from UNAIDS and the one from our
model in Fig. 5(a) and (b). The mortality curve is obtained by a plot of the following
function:

Mortality = (δ1A + δ2H + δ3Hb)/N.

http://www.unaids.org
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Fig. 3 (Color online) (a) Shows the prevalence fit to the UNAIDS data for Zimbabwe. (b) Show the
incidence curve corresponding the prevalence curve of the model fit. The parameter values that give the best
fit are; μ = 0.029, p = 0.4, η1 = 0.3, η2 = 1.1, η3 = 0.70, φ = 0.5, ρ1 = 0.053, ρ2 = 0.06, σ = 0.143,
γ1 = 0.1, γ2 = 0.084, θ = 0.425, δ1 = 0.2, δ2 = 0.1, δ3 = 0.2, Λ = 52600, m = 105, β = 0.8297. The
reproduction number, Re = 2.4814

Fig. 4 (Color online) (a) Shows projection of prevalence up to 2020, and (b) show the projected incidence
up to 2020. The parameter values used are the same as in Fig. 3

The mortality curve is normalized with respect to the total population. A peak value
of around 0.022 is observed around the year 2004 for the mortality corresponding
to approximately 132,000 adult deaths for a population of 6 million sexually active
individuals, which correlates well with UNAIDS data bearing in mind that deaths of
children and those older than 49 years are not accounted for in our model. An in-
teresting aspect of the model is to determine the effects of enrolling individuals who
are effectively screened in CHBC. We vary ρ1, by doubling, trebling, and quadru-
pling it and obtaining Fig. 6. Increasing ρ1, assuming that all other factors remain
constant, decreases the prevalence of the disease and the model reproduction number
thus decreases with increasing ρ1. In particular, for the numerical values used in the
simulations, doubling ρ1 reduces the prevalence by 1.3%, from 8.2% to 6.9% and
a four times increase in ρ1 will reduce the prevalence by 3%. Similar investigations
are done for ρ2. Increasing ρ2 increases the prevalence of infection. This means that
recruitment of individuals from hospitals into CHBC could have a negative impact
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Fig. 5 (Color online) (a) Shows the mortality curve taken from www.unaids.org and (b) Shows the mor-
tality curve corresponding the prevalence curve of the model fit. The parameter values used are the same
as in Fig. 3

Fig. 6 (Color online) Shows the changes in the prevalence with increasing recruitment of the screened
into the CHBC. The parameter values used are the same as in Fig. 3

if the individuals remain a potential source of infection. So, effective control of new
HIV infections can be done by reducing the infectivity of individuals in CHBC. It is
also important to note that reducing p and φ increases the prevalence of HIV. The
shapes of Fig. 4(b) and Fig. 6 showing a rebound of incidence and prevalence is
characteristic models in which the force of infection has an exponential function the
depends on the variables representing the infected population. This has been termed
prevention fatigue which mirrors complacency; see Nyabadza et al. (2010). It is de-
fined by a positive response to an intervention program, leading to a fast decline in
the contact rate. This is then followed by a sustained slow decline of the contact rate.
It remains one of the biggest threats to accelerated and sustainable HIV prevention
efforts (Spire et al. 2008). Prevention fatigue leads to a relapse of risky sexual be-

http://www.unaids.org
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Fig. 7 (Color online) Shows the relationship between the reproduction numbers as β changes. A com-
parison of the model reproduction numbers for the discussed cases showing the relationship between the
various interventions as depicted by Re , Resh, Reshb , Res and R0. The parameter values used are the same
as in Fig. 3

haviour and this has been observed recently in some countries (Mugisha et al. 2006;
Dougan et al. 2007; Osmond et al. 2007).

3.2.1 Discussion on Re

From our model, five cases arise. Firstly, we have the case where there are no in-
terventions, which gives us the basic reproduction number R0. Secondly, we have
the case with screening and counselling only, with reproduction number Res. This
scenario has been observed in some parts of Zimbabwe where the recent collapse
of the health care system led to the closure of some sections of hospitals and refer-
ral centres. A number of centres (such as New Start Centre) were established and
HIV infected individuals go there for VCT. The third case consists of screening and
counselling coupled with hospitalization, with a reproduction number Resh. Fourthly,
we have screening and counselling coupled with CHBC with a reproduction number
Reshb. This is the case where the majority of PLWHA are unable to go to hospital
either because of lack of money or as previously mentioned, there are never admit-
ted because of lack of space at hospitals. Finally, we have screening and counselling,
hospitalization and home-based care, that is, when all the strategies are implemented
concurrently and this gives us the effective reproduction number, Re. This scenario is
mostly found in the urban areas and areas where there are WHO funded programs.

All the above scenarios are found in different parts of Zimbabwe due to disparities
in resources. The essence of separating the intervention programs in the analysis is
to capture the disparities in HIV/AIDS care and prevention programs in the country.
A comparison of the model reproduction numbers for the various cases is shown in
Fig. 7. A scenario without interventions is not desirable since the basic reproduction
is very high, implying a higher invasion potential of the epidemic. The relationship
between the various interventions can be given in terms of the sub-reproduction num-
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Fig. 8 (Color online) Shows the effect of the parameters p, φ, ρ2 on the reproduction number as (a) p

and ρ2 change (b) φ and ρ2 change. The parameter values used are the same as in Fig. 3

bers with the following relations:

Re < Resh < Reshb < Res < R0.

While the best scenario is when we have all the suggested interventions implemented
concurrently, we also note that voluntary counselling and screening accompanied
with hospitalization in the absence of community home-based care is better than vol-
untary counselling and screening plus community home-based care. This can be ex-
plained by the fact that when individuals are hospitalized, there are assumed not to
be sexually active while the people in the community home-based care are sexu-
ally active. When the hospitalized people are discharged from the hospital, they join
the home-based care, and thus increasing the number of people contributing to the
spreading of the disease.

3.2.2 Determining the Effect of Individual Withdrawal and CHBC

An interesting aspect of the model is to determine the effects of withdrawal measured
by the proportion p of people who withdraw from being promiscuous and the rate of
being recruited into CHBC ρ2. We vary these parameters to determine their effect
on the effective reproduction number. The effects of changing the efficacy of CHBC
and the recruitment rate are also interesting to investigate. We thus vary φ and ρ2 to
determine their effect on the effective reproduction number. The results are shown in
Figs. 8(a) and 8(b). From the two figures, we deduce that if at least 45% of the infected
individuals practice safer sex and the CHBC operates at a minimum efficacy of 44%,
which in this case is obtained when ρ2 = 0 but increases to 58% when ρ2 = 0.1, then
the epidemic can be contained. This is, however, true only for the parameter values
used to obtain the graphs.
Differentiating partially Re with respect to p we obtain,

∂Re

∂p
= −{

ζ1RIs + ζ2RA + (1 − φ)ζ3RHb

}
< 0, for all p, (13)

where ζi, i = 1,2,3,RIs ,RA, and RHb
are defined in (3). We note that (13) is neg-

ative implying that an increase of the withdrawal term p decreases the number of



Modelling Hospitalization, Home-Based Care 2909

Table 1 Parameter values used in the simulations

Parameter Range Source

β 0.8297 Estimated

m (10, 100) estimated

μ 0.029 Vardavas and Blower (2007)

φ (0, 1) Definition

p (0, 1) Definition

η1, η3 (0, 1) Estimated

η3 (1, 3) Estimated

ρ1 (0.01, 0.053) Estimated

ρ2 0.053 UNAIDS/WHO Epidemiological fact sheets on
HIV and AIDS (www.unaids.org)

θ (0.05, 0.8) Guinness and Alban (2000)

γ1 (0.1,0.2) Hallet et al. (2009)

γ2 1/12 Vardavas and Blower (2007)

σ (0.05, 0.3) Nyabadza (2006)

δi (i = 1,2,3) (0.05, 0.33) Blower et al. (2000), Mukandavire et al. (2007),
Sharomi and Gumel (2008)

infected people. Therefore, screening and counselling, leading to withdrawal goes a
long way in reducing the progression of the epidemic. We also determine the effect
of the efficacy of home-based care by differentiating partially Re with respect to φ.
We have

∂Re

∂φ
= −(1 − p)ζ3RHb

< 0, for all φ, (14)

where ζ3 and RHb
are defined in (3). Since (14) is also negative this shows that as

more PLWHA go the CHBC, the epidemic can be brought under control since the
reproduction number is a decreasing function of φ. We stress here, however, that φ

must be large for the epidemic to be contained.

3.2.3 Dynamics of the Populations Under Different Strategies

Intervention strategies are designed to change the course of an epidemic. In particular,
for HIV/AIDS, interventions are usually designed to reduce the number of new in-
fections and prevent deaths. Based on the model fit, the parameter values in the range
given in Table 1 are used to show the dynamics of the epidemic considering the five
cases discussed in Sect. 3.2.1. We will consider the size of the epidemic, infections
averted, and deaths averted when there is no behaviour change, that is, m = 0 and
when there is behaviour change, that is, m �= 0. We initially consider numerically, the
implications of having m = 0 followed by the case m �= 0. The results are shown in
Fig. 9. One can quickly notice the changes in the trends of infectives for the different
intervention strategies in Fig. 9. In both cases, infectives are high in the absence of
interventions and low in the presence of all the interventions suggested. We also note

http://www.unaids.org
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Fig. 9 (Color online) Shows the trend of infections with the different interventions and thus showing the
changes in the epidemic size from 1990 to 2009 with (a) no behaviour change due to the death others,
(b) behaviour change. By no intervention, we mean a scenario where the interventions in Sect. 3.2.1 are
not taken into consideration

that the size of the epidemic from the CHBC intervention with screening and coun-
selling, is slightly lower than from hospitalization with screening and counselling
when there is no change in behaviour, but when there is behaviour change the epi-
demic is higher with VCT + hospitalization. However, with time, the epidemic with
VCT + CHBC is higher than with VCT + hospitalization. This might be attributed to
complacency because of loss of focus in a scenario in which the gains of intervention
strategies are lost due to reversion to high risk sexual behaviour. The scenario for
behaviour change is shown in Fig. 9 where the size of the epidemic decreases and
reaches a lower peak for all the strategies used compared to the situation when there
is no behaviour change, that is, m = 0.

We now consider the number of infections and deaths averted when there is no
behaviour change and when there is behaviour change. This was calculated as the
difference between the infections or deaths when there is no intervention and when
there is an intervention. More infections are averted when there is behaviour change,
Fig. 10(b), than when there is no behaviour change, Fig. 10(a). We note that, from
both cases, more infections are averted/prevented if all the interventions are imple-
mented with CHBC and hospitalization also reducing infections compared to screen-
ing and counselling only. The number of deaths averted as a result of these interven-
tions are shown in Fig. 11. Figure 11(b) shows that more deaths are averted with all
the suggested interventions when there is behaviour change compared to when there
is no behaviour change. All the interventions individually or in combination reduce
the number of deaths due to the disease. However screening and counselling alone
without the other strategies does not help much. The combined strategies give the
greatest benefit. In Figs. 10 and 11, the effectiveness of the interventions follows the
result in Fig. 7, that is,

Re < Resh < Reshb < Res < R0.
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Fig. 10 (Color online) (a) Shows the number of infections averted with m = 0 and (b) show the number
of infections averted when m �= 0

Fig. 11 (Color online) (a) Shows the number of deaths averted with m = 0 and (b) show the number of
deaths averted when m �= 0

4 Conclusion and Discussion

In this paper, a mathematical model that includes screening, hospitalization, and
CHBC is considered. Various scenarios are considered that are specific to high preva-
lence areas. The scenarios are: no interventions at all, screening and counselling,
hospitalization screening and counselling without treatment, no hospitalization but
with CHBC, screening and counselling. These scenarios are investigated by consid-
ering the effective reproduction number, Re, the size of the epidemic in terms of
the number of infectives, infections and deaths averted. The paper highlights four
major challenges associated with the HIV/AIDS epidemic in Zimbabwe. These are,
hospitalization of AIDS sufferers, CHBC, screening and behaviour change driven by
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mortality. We have shown that

Re < Resh < Reshb < Res < R0

showing that the most effective intervention is using a combination of all the sug-
gested interventions followed by voluntary counselling and screening accompanied
by hospitalization and voluntary counselling and screening alone is the least effec-
tive intervention. While CHBC is an essential component in mitigating the effects of
HIV/AIDS, care should be taken to render this important class of individuals non-
infectious. With the advent of HAART (highly active anti-retroviral therapy), this
class is likely to grow as it acts as the destination of many HIV infected individuals.
If more identified infectives join the CHBC, the prevalence of the disease decreases
such that if ρ1 is doubled the prevalence is reduced by 1.3%, from 8.2% to 6.9%
and a four times increase in ρ1 will reduce the prevalence by 3%. However, preva-
lence of infection increases as the rate of seeking care and treatment from CHBC of
discharged AIDS individuals from the hospital increases. Therefore, the main focus
should be the reduction of infectivity of individuals in CHBC for effective disease
control. If more people withdraw from risky sexual behaviour and the effectiveness
of CHBC is increased, the prevalence of HIV decreases.

Latest data shows that Zimbabwe HIV rate has continued to drop rapidly and
AIDS researchers have recently attributed the drop to the collapsing economy.
The data shows that overall HIV prevalence among pregnant women who attended
antenatal clinics decreased from 23% in 2001 to 11% toward the end of 2009
(Shango 2009). The prevalence in the general population is said to be 13.2% for
2008 (Mugurungi et al. 2009). Our projections predict a value around 13% for
2008. The projections also reveal a scenario depicting prevention fatigue. Preven-
tion fatigue mirrors complacency. It is defined by a positive response to an in-
tervention program, leading to a fast decline in the contact rate. This is then fol-
lowed by a sustained slow decline of the contact rate. It remains one of the biggest
threats to accelerated and sustainable HIV prevention efforts (Spire et al. 2008).
Prevention fatigue leads to a relapse to risky sexual behaviour and this has been
observed recently in some countries (Mugisha et al. 2006; Dougan et al. 2007;
Osmond et al. 2007).

Treatment of HIV has improved the lives of many AIDS sufferers in Zimbabwe.
It also has improved the outcomes of opportunistic infections such as tuberculosis
which has re-emerged as a major cause of death around the world. Treatment of
AIDS, especially in CHBC, has reduced stigma and encouraged testing (Nyabadza
2008). In CHBC, the fight against HIV/AIDS is led by victims of the disease and
they have made a significant impact in reducing stigma and caring for their fores.
It has been argued that an individual’s behaviour changes when they are aware of
their HIV status and may resolve to protect themselves from contracting infection
(Nyabadza 2006; Vardavas and Blower 2007; Tripathi et al. 2007). The success of
HIV treatment programs depends on identification and screening of asymptomatic
HIV infectives and an effective monitoring of the hospitalized cases. It is a standard
procedure that during an HIV testing session, counselling takes place.

While meaningful mathematical modelling needs validation using data collected
in health care facilities, challenges remain on data accuracy, availability and its use-
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fulness especially in Zimbabwe. Most of the data collected serves well for the pur-
poses of service delivery evaluation and management but may not be entirely use-
ful for research purposes (Nyabadza 2008). We have demonstrated through numeri-
cal simulations that the effect of increased recruitment of infectious individuals into
CHBC may lead to an increase in the pool of transmitters of infection. In future, the
results obtained here can be compared to collected data in years to come to ascer-
tain the validity of the model as a predictive tool. While we do not include condom
use explicitly as in Nyabadza (2006, 2008), Moghadas et al. (2003), the exponen-
tial function that measures behaviour change encompasses the use of condoms, serial
monogamy, reduction in concurrent partnerships, resulting from observed mortality
due to HIV/AIDS. The response parameter m, measures how individuals respond to
the increase or decrease of mortality due to HIV/AIDS. In conclusion, we believe
that the implementation of a comprehensive set of interventions could avert a large
number of future infections and deaths. Our model predicts that the implementation
of the combined interventions proposed in this study could prevent more than 25 mil-
lion deaths and 820,000 new infections by end of 2009, and thus reverse the course
of the HIV/AIDS epidemic.

As an extension to this work, we are in the process of evaluating the benefits and
the cost-effectiveness of hospitalization, community home-based care, and voluntary
counselling and testing, the HIV/AIDS interventions discussed in this paper. This is
being necessitated by the need to strike the right balance between prevention, treat-
ment and care, all of which are essential components of a comprehensive fight against
HIV/AIDS. We acknowledge that it is more realistic to assume that some AIDS suf-
ferers are recruited into CHBC without hospitalization at times, as is the case in many
developing countries with high HIV prevalence, but in the paper this assumption is
relaxed and will be considered in future work.
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